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Introduction

Verification is an essential part of the process whereby a code developer builds a
sense of correctness and reliability in the answers his code produces. Unfortunately,
many codes lack the machinery to make use of the method of manufactured solutions
[KSO03] and so are rediant for verification on problems which possess anal ytic solutions.
The authors present here three problems they derived for their own verification purposes.
We hope they may be useful to othersin their search for computational correctness.

1 Open Radiation Boundary Test

This problem is meant to test the correctness of implementation for open radiation
diffusion boundary conditions. It is a pure radiation diffusion flow problem with no
hydrodynamics or material coupling. The solution is exact and simple to compute.
Although it does require an iterative root solve, theiteration is easy to perform and
generaly quick to converge. Consider a 1-D slab geometry. The slabs are infinitein
extent in they and z directions. On the left is a closed radiation boundary at x=0. On the
right is an open boundary at x=L. Outside the open boundary there is an incident radiative
flux at temperature Toy. The radiation temperature inside the problem isinitially at Tin.
The Rosseland opacity k;oss and the density p are constants. The speed of light isc. The
Planck opacity is zero. Thereisno flux limiter. Then the 1-D radiation diffusion equation
is
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is the constant diffusion coefficient. Here ¢ = T*. We seek a general
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time and space dependent solution for ¢(xt). If we define ¢, =T.* and ¢
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We begin by taking the Laplace transform of Egs. 1 and 2 getting
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where sis now the Laplace transformed time variable. The general solution to Eq. 3is
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where A and B are as yet unknown functions of sand £ is defined as
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If we apply the boundary condition at x=0 we get A=B so that Eq. 6 becomes
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Applying the boundary condition at x=L we have that
A= - (¢in ;gout) (9)
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To obtain our final solution we must compute the Laplace inversion of Eq. 10. We
accomplish this by directly computing the Bromwich Inversion integral
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This at first appears daunting but may be done exactly using the residue theorem. A
branch cut is taken along the positive real axis and the integrals along the branch cut
cancel. Thereisasimple pole at s=0 and an infinite number of simple polesat s= -R,
where the R, are the roots of
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This expression can be rewrltten as aflxed point |terat|0n to obtain the values of R, as
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With an initial guess of 1.0, Eq. 13 will rapidly converge to the n™ root of Eq. 12. The
final solution we seek isjust the sum over the residues resulting in
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If the value of Ty > Tin, then aheat wave wi II propagate from right to left at arate given
by EqQ. 14 and reach a steady state T=To,:. Likewise, if Tin>Tou then a cooling wave will
propagate from right to left and reach steady state T=Tg.

R = —[n7r + arctan(———

This test problem bears similarities to the excellent radiation diffusion test problem
from Su and Olson [ SO96]. But while the solution presented hereis not as intricate as Su-
Olson and includes less physics, it is much easier to evaluate. If one were interested in
testing the boundary conditions in isolation from the other physics this problem would be
a better choice.

2 Spherical Heat Flow Test

What follows is the derivation of an analytic solution for a pure heat conduction
problem which should be useful for verification purposes. Consider a sphere of radius R
at a constant temperature To. We seek a solution to the homogeneous heat diffusion
eguation in spherical coordinates (exterior to the hot sphere)
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subject to the initial and boundary condltlons

Tt=0,r>R)=0

TEr<R) =T, . [16]

T(,r=0)=0
In EQ.15, C isthe specific heat, p isthe density, and «is the conduction coefficient.
Specify temperature dependent forms for the specific heat and conduction coefficients as

K=kKyT"
] [17]
C=C,T
where xp and Cp are constants and n is some exponent not necessarily an integer. If we
substitute Eq.17 into EQ.15 and define
O=T" [18]
we have
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Take the Laplace transform of Eq.19 to get
i(rzm)—rzs&@(ar):o. [20]
or or Ko
Now the transformed boundary conditions are
D -I—n+1
d(s;r=R) =—2=-"2_
( ) s s . [21]
Dd(s,r =0)=0
This ODE has the solution (for r>R)
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For n = O thisis an easy computational problem. But at large n it will strain the diffusion
codes ability to accurately resolve the gradients in the material properties. Thisismainly
an issue because the diffusion coefficient is not a constant but will vary in space and
time. Approximations or averaging schemes used in the construction of the diffusion
matrix will be sorely tested for large n and typically will require afiner mesh for accurate
answers. This problem was specifically constructed to test the heat conduction in a
spherical geometry and in isolation from other physicsin response to difficulties running
another verification problem - the Coggeshall problem number 8 [Co91].

3 Coupled Multi-Temperature Diffusion Test

Thisisamaodification of the problem in Sec. 2 meant to exercise more of the
diffusion code as well as the code coupling the radiation and matter temperatures. It has
radiation diffusion as well at electron and ion conduction. It isa1-D slab geometry
infinitein extent in the y and z directions. On the left at X=X, the radiation and material
temperatures are fixed at To. On the right boundary the problem extends to x=infinity.
Hydrodynamics is turned off and there is no flux limiter on the radiation diffusion or the
matter conduction. The density o and the radiation diffusion coefficient D are constants.
The radiation and material temperature update equations are

aT“ 0T

o oD 3 = 0oy (T ~T2y) (24
OT 4
pCveW__( —) CpUKP (Trad ) + k|e( ion _Tmat) (25)

oT. 6 oT.
pC, — 0 — — (K, —") = Kk (T, 26
oot ax( 'ox ) =Ko (T = Tiw) (26)



where c is the speed of light, ki is the electron-ion coupling rate, o the radiation constant,
Ke and K; are conduction coefficients, Cye and C,; are specific heats, xj isthe Planck
opacity. The boundary and initial conditions are

Tt (X=X%0,1) =Ty (X=X, 1) = T (X = X, 1) = Ty
Tu(X=0,t)=T ;(x=00,t) =T, (X=00,t) =0 : (27)
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We now impose that
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where Ke, Kio, Ce, Ci, are constants. We also impose « =k, = . This guarantees
T =Toa = T - We can now combine Egs. 28 and 29 with Egs. 24-26 to get
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with
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The diffusion of energy can be split between the ion conduction, electron conduction and
radiation diffusion to whatever extent we wish by simply modifying the coefficients. The
radiation and material temperatures are locked together and we can solve Eqg. 30 to get

the time and space dependence of ¢ . Take the Laplace transform of Egs. 27 and 30 to get
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This has the solution
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Now we do the Laplace inversion of Eq. 34 to get
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One should be careful not to dismiss this problem as trivia just because the radiation and
matter have the same temperature. Thisis simply part of the solution. In order to get the
answer correct one must compute the ion conduction, electron conduction, radiation
diffusion and the matter-to-radiation coupling correctly. An error in any one of these
places will give an incorrect result.

4 Conclusion

While the body of verification problemsin the literature is growing, it is still far
smaller than the authors would like. And while the problems presented here are not
terribly complicated, nor are they trivial. Also they are exact, easy to compute, and easy
to implement. And from simple to sophisticated thereisarole to play for al verification
problems. Should a code fail on the more complicated verification solutions the simpler
ones may provide away of isolating what is causing the problem. And with every exact
solution a computer code computes our confidence in the unverifiable solutions grows.
The verification solutions presented above have proven useful to the authors and we hope
otherswill find them so as well.
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